In recent years, studying degenerate versions of some special polynomials, which was initiated by Carlitz in an investigation of the degenerate Bernoulli and Euler polynomials, regained lively interest of many mathematicians. In this paper, as a degenerate version of polyexponential functions introduced by Hardy, we study degenerate polyexponential functions and derive various properties of them. Also, we introduce new type degenerate Bell polynomials, which are different from the previously studied partially degenerate Bell polynomials and arise naturally in the recent study of degenerate zero-truncated Poisson random variables, and deduce some of their properties. Furthermore, we derive some identities connecting the polyexponential functions and the new type degenerate Bell polynomials.
INTRODUCTION
It is well known that the Stirling numbers of the second kind are defined by (1) x n = n ∑ l=0 S 2 (n, l)(x) l , (n ≥ 0), (see [4, 6, 8, 12, 22] ),
where (x) 0 = 1, (x) n = x(x − 1) · · · (x − n + 1), (n ≥ 1). From (1) , we note that (2) 1 k! (e t − 1) k = ∞ ∑ n=k S 2 (n, k) t n n! , (k ≥ 0), (see [4, 5, 7, 16] ).
The Bell polynomials are given by the generating function
Bel l (x) t l k! , (see [4, 13] ).
When x = 1, Bel n = Bel n (1) is called the n-th Bell number. From (3), we note that (4) Bel n (x) = n ∑ k=0 x k S 2 (n, k), (n ≥ 0), (see [4, 13] ).
For k ∈ N ∪ {0}, the polylogarithms are defined as (5) Li k (x) = ∞ ∑ n=1 x n n k , (see [4, 12] ).
Note that Li 1 (x) = − log(1 − x). The polyexponential function was first considered by Hardy and is given by (6) e(x, a|s) = ∞ ∑ n=0 x n (n + a) s n! , (Re(a) > 0), (see [9, 10, 11] ).
From (6) , we note that (7) e(x, 1|1) = ∞ ∑ n=0 x n (n + 1)
x n n! − 1 = 1 x (e x − 1), (see [2, 9, 10, 11] ).
For any nonzero λ ∈ R, the degenerate exponential function is defined by (8) e x λ (t) = (1 + λt)
x λ , e λ (t) = e 1 λ (t), (see [14, 15, 19] ). Note that lim λ →0 e x λ (t) = e xt . In [3] , Carlitz considered the degenerate Bernoulli polynomials which are given by
When x = 0, β n,λ = β n,λ (0) is called the n-th degenerate Bernoulli number. Note that lim
are the ordinary Bernoulli polynomials given by
Recently, Kim introduced the degenerate Stirling numbers of the second kind which are defined by
In [13] , the partially degenerate Bell polynomial are defined as
From (10) and (11), we note that
x k S 2,λ (n, k), (see [13, 20] ).
It is easy to show that lim λ →0 bel n,λ (x) = Bel n (x), (n ≥ 0).
By (11) , we easily get
In this paper, as a degenerate version of polyexponential functions introduced by Hardy, we study degenerate polyexponential functions and derive various properties of them. Also, we introduce new type degenerate Bell polynomials, which are different from the previously studied partially degenerate Bell polynomials and arise naturally in the recent study of degenerate zero-truncated Poisson random variables, and deduce some of their properties. Furthermore, we derive some identities connecting the polyexponential functions and the new type degenerate Bell polynomials. This paper is organized as follows. In Section 1, we recall some necessary ingredients, namely polyexponential functions, degenerate Bernoulli polynomials, degenerate Stirling numbers of the second kind and partially degenerate Bell polynomials. In Section 2, we introduce the degenerate polyexponential functions and derive several properties of them. Especially, we find integral representations for the degenerate polyexponential functions. Then we introduce the new type degenerate Bell polynomials, deduce some of their properties and get their connections with degenerate polyexponential functions. Finally, in Section 3, we recall the degenerate Lerch zeta functions which are closely related to the degenerate polyexponential functions. Also, we note the degenerate Hurwitz zeta functions and the degenerate Riemann zeta functions, as special cases of the degenerate Lerch zeta functions.
DEGENERATE POLYEXPONENTIAL FUNCTIONS AND DEGENERATE BELL POLYNOMIALS
In view of (8), we consider the degenerate polyexponential functions which are given by
By (14), we easily get
Note that
It is known that the degenerate gamma function is defined by
, (see [15, 19] ).
From (16), we consider the incomplete degenerate gamma function given by
where Re(δ ) > 0 and x ≥ 0. Note that lim
From (17), we note that
In particular,
(1) n,λ n!(n + 1) 2 x n ,
By (15) and (19), we get
Let Ein λ (z) be the special degenerate entire function which is defined by
On the other hand,
Thus, we have (23)
x
From (23), we note that
It is easy to show that
(1) n,λ x n n!(n + 1) p+1 = e λ (x, 1|p).
Thus, we have
In general,
For p ∈ N, we have
Let |z| < |δ |. Then we note that
Therefore, we obtain the following theorem. By using the Taylor expansion of e λ (x, δ − z|1) with respect to z, we get
By using Taylor expansion of e λ (x, δ − z|s) with respect to z, we get
Therefore, from (29), we obtain the following theorem.
In addition, for s = k ∈ N, we have
As is traditional, let (0+)
−∞ ) denote the integration of path that starts at infinity (respectively, at negative infinity), encircles the origin counter-clockwise direction and returns to the starting point. Then we have the following well-known integral representation of −2i sin πs Γ(s) as an entire function of s (see [21] ):
.
From (31), we easily note that
Thus, by (14) and (32), we get
For m ∈ N, we have
Thefore, by (32) and (33), we obtain the following theorem. Bel n,λ (x) t n n! .
From (3) and (34), we note that lim λ →0
Bel n,λ (x) = Bel n (x), (n ≥ 0). Now, we observe that
When x = 1, Bel n,λ = Bel n,λ (1) are called the new type degenerate Bell numbers. Therefore, by (35) and (36), we obtain the following theorem.
Theorem 6 (Dobinski's formula). For n ≥ 0, we have
From (13) , we note that
Therefore, by (37), we obtain the following corollary. From (34), we note that
Thus we have
Therefore, by comparing the coefficients on both sides of (39) and (40), we obtain the following theorem.
Theorem 8. For n ≥ 0, we have
We observe that 
Therefore, by comparing the coefficients on both sides of (47), we obtain the following theorem.
Theorem 11. For n ≥ 0, we have
(1) k,λ x 1 + λ x k S 2 (n, k).
In particular, for x = 1, we have 
Therefore, comparing the coefficients on both sides (48), we obtain the following theorem.
Theorem 12. For n ≥ 0, we have ∞ 0 e −2x bel n,λ (−x)dx = β n+1,λ − 2 n+1 β n+1, λ 2 n + 1 .
By (10) Therefore, by (48), we obtain the following theorem.
Theorem 13. For n ≥ 0, we have n ∑ k=0 (−1) k 2 −k−1 k!S 2,λ (n, k) = 1 n + 1 β n+1,λ − 2 n+1 β n+1, λ 2 .
